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Abstract
We will study some permanence properties of C-unique groups in details. In particular,
normal subgroups and extensions will be considered. Among other interesting results, we
prove that every second countable amenable group with an injective ﬁnite-dimensional
representation (not necessarily unitary) is a retract of a C-unique group. Moreover, any
amenable discrete group is a retract of a discrete C-unique group.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Throughout this paper, G is a locally compact group. Gˆ is its dual space and CðGÞ
is its full group C-algebra. For each element fAL1ðGÞ; fˆ is the Fourier transform
of f :
C-unique groups were ﬁrst introduced and studied by Boidol [7]. A locally
compact group G is said to be C-unique if
(U1) L1ðGÞ has a unique C-norm.
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In fact, it is interesting to ask whether a Banach -algebra has a unique C-norm
and this question has been studied in several places (see e.g. [3,13,23]). The objective
of this paper is to give a further study on C-unique groups. The following are some
equivalent forms of C-uniqueness:
(U2) Every non-trivial ideal of CðGÞ intersects L1ðGÞ non-trivially.
(U3) Every injective non-degenerate -representation of L1ðGÞ extends to an
injective representation of CðGÞ:
(U4) For every non-empty open subset U of the dual space Gˆ; there exists a non-
zero element fAL1ðGÞ such that the set fsAGˆ j fˆðsÞa0g is contained in U :
Recall that a locally compact group G is called -regular if for every non-empty
open subset U of Gˆ and every pAU ; there exists an element fAL1ðGÞ such that
fˆðpÞa0 and the set fsAGˆ j fˆðsÞa0g is contained in U : It should be mentioned that
C-uniqueness does not imply -regularity [7, pp. 229–230].
Our initial interest in C-unique groups is not stimulated by Boidol’s work but by
an observation concerning a version of the Pompeiu problem. Let E be a measurable
subset of G with 0olðEÞoN; where l is the Haar measure on G: A particular
version of the Pompeiu problem is as follows: When does
R
rEs
f dl ¼ 0 (for any
r; sAG) imply that f ¼ 0? A set satisfying this condition is called a Pompeiu set. It has
been studied by several authors (e.g. [2,9,25,26]). Using the ideas in [2,25], it can be
shown that for C-unique groups, the following two statements are equivalent:
(I) Any fAL1ðGÞ satisfying R
rEs
f dl ¼ 0 (for all r; sAG) is zero almost
everywhere.
(II) The support of #wE1 is Gˆ:
In Section 2, we are going to study the permanence properties of C-uniqueness
(mainly in the case of second countable groups). Two particular interesting questions
are: (i) whether normal subgroups of C-unique groups are C-unique; (ii) whether
extensions of C-unique groups are C-unique. In general, these questions have
negative answers but we will give some conditions under which the answers become
positive. The tools that we use are the Mackey’s machine and the results on
C-crossed products in [18]. It is obvious that any C-unique group is amenable. It is
interesting to know whether any amenable group is C-unique but this was shown to
be false by Poguntke [24] (and independently by Boidol [7, p. 230]).
One of our main results (Theorem 2.17) implies the following:
Every amenable linear group is a retract of a C-unique group.
In Section 3, the results in Section 2 are improved in the case of (possibly
uncountable) discrete groups. It is not known whether there exists a non-C-unique
amenable discrete group. However, by using the main result in [1] instead of that in
[18], we show that any discrete amenable group is a retract of a discrete C-unique
group. More precisely, we show that (see Theorem 3.4)
For any discrete group H; the group Z½H
 a H is C-unique if and only if H is
amenable.
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2. Some permanence properties of C-unique groups
We begin this section with two propositions concerning ‘‘patching together’’
C-unique subgroups and C-unique quotient groups.
By condition (U3) in Section 1, we have the following proposition which is an
analogue of the corresponding result for -regular groups in [6, Corollary 1]. In fact,
it can be shown that under the assumption of this proposition, for any injective non-
degenerate representation p of L1ðGÞ and any fACcðGÞ; one has jpð f Þj ¼ j f jCðGÞ
note that the support of f is a subset of a compactly generated open subgroup of G).
Proposition 2.1. If every open and compactly generated subgroup of a locally compact
group G is C-unique, then G is also C-unique.
One of the permanence properties of C-unique groups mentioned in [7] is the
following (see the proof of [7, Theorem 1]): if G is a C-unique group and K is a
compact normal subgroup of G; then G=K is also C-unique. This can be shown by
using condition (U4) in Section 1 and the following fact: for each compact normal
subgroup K ; dG=K can be regarded as an open subset of Gˆ (see [19, 5.2]).
Using condition (U4) again, one can obtain the following proposition.
Proposition 2.2. Let G be a locally compact group.
(a) If there exists a collection C of compact normal subgroups of G such that G=K is
C-unique for any KAC and
S
KAC
dG=K is dense in Gˆ; then G is C-unique.
(b) When G is almost connected, G is C-unique if and only if G=K is C-unique for
any KALG; where LG = fK j K is a compact normal subgroup of G such that
G=K is a Lie groupg:
Moreover, the following result is the analogue for C-unique groups of
[5, Lemma 9].
Corollary 2.3. Let G be a locally compact group. Suppose that G is a projective limit of
the locally compact groups Gi: Then G is C
-unique if and only if Gi are C-unique for
large enough i:
Proof. Suppose that Ki is a compact normal subgroup of G such that G=Ki ¼ Gi:
The normalized Haar measure mi induces a central projection pi in MðCðGÞÞ: Note
that Ji ¼ piCðGÞ is isomorphic to CðGiÞ and
S
i Jˆi is dense in
dCðGÞ: The result
now follows from Proposition 2.2(a). &
In the rest of this section, we will heavily make use of the results from [8,18,22] in
which the assumption of second countability is needed.
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Notation. From now on, until the end of this section, all locally compact groups
are second countable. Moreover, we assume that the Hilbert spaces of all
representations are separable.
We will look at the question of whether any closed normal subgroup of a
C-unique group is C-unique. First of all, let us recall the following notations and
results in [8,12].
Remark and Notation 2.4. (a) Let G be a second countable locally compact group
and N be a closed normal subgroup of G: There is a Borel cross-section c : G=N-G
such that cðNÞ ¼ e: For any tAG; let DG;NðtÞ be the positive number satisfying
DG;NðtÞdn ¼ dðt1ntÞ; ð1Þ
where dn is a left Haar measure on N: As in [12, p. 197], we have
DGðtÞ ¼ DG;NðtÞDG=NðqðtÞÞ ð2Þ
for any tAG (where q : G-G=N is the quotient map). Furthermore, we deﬁne
a : G=N-Aut1ðL1ðNÞÞ (see [8, p. 505]) by
axð f ÞðnÞ ¼ DG;NðcðxÞÞf ðcðxÞ1ncðxÞÞ
(notice that our ‘‘a’’ is the ‘‘T ’’ in [8]) and u : G=N  G=N-UMðL1ðNÞÞ (where
UMðL1ðNÞÞ is the group of unitaries in the space of double centralizers of L1ðNÞ) by
ðuðx; yÞf ÞðnÞ ¼ f ðvðx; yÞ1nÞ and ð fuðx; yÞÞðnÞ ¼ DNðvðx; yÞ1Þf ðnvðx; yÞ1Þ ð3Þ
for any x; yAG=N; fAL1ðNÞ and nAN (where vðx; yÞ ¼ cðxÞcðyÞcðxyÞ1). Then ða; uÞ
is a twisting pair in the sense of [8, 2.1] (see [8, Example 6]). Hence, we have a Banach
-algebra L1ðL1ðNÞ; G=N; a; uÞ ([8, 2.2]) with product and involution given as
follows:
F  GðxÞ ¼
Z
G=N
FðyÞayðGðy1xÞÞuðy; y1xÞ dy
and
F ðxÞ ¼ DG=NðxÞ1uðx; x1ÞaxðFðx1ÞÞ:
One can easily check that the map C : L1ðGÞ-L1ðL1ðNÞ; G=N; a; uÞ deﬁned by
ðCðgÞðxÞÞðnÞ ¼ DG;NðcðxÞÞgðncðxÞÞ ð4Þ
(gAL1ðGÞ; xAG=N and nAN) is an isometric isomorphism (with suitable choices of
the Haar measures on N and on G=N).
(b) Suppose that m is a non-degenerate -representation of L1ðNÞ on a Hilbert
space H: Let ð *m; UmÞ be the representation induced by m as given in [8, Section 4].
Note that ð *m; UmÞ gives a representation *m Um of L1ðL1ðNÞ; G=N; a; uÞ: If W is the
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self-adjoint unitary in BðL2ðG=N;HÞÞ given by WxðxÞ ¼ DG=NðxÞ1=2xðx1Þ;
then
Wð *m UmÞðFÞWxðyÞ ¼
Z
G=N
m½ay1ðFðxÞÞuðy1; xÞ
xðx1yÞ dx:
Let mG be the non-degenerate -representation of L1ðGÞ such that mGðgÞ ¼ Wð *m
UmÞðCðgÞÞW : Then mG is equivalent to the induced representation indGNðmÞ by [8,
4.2].
From now on, let fN denote the canonical map from C
ðNÞ to the multiplier
algebra MðCðGÞÞ:
Lemma 2.5. With the same notation as in Remark 2.4, if m be a representation of
CðNÞ on H; then jjmðhÞjjpjjmGðfNðhÞÞjjpsupxAG=N jjmðaxðhÞÞjj for any hACðNÞ:
Proof. For any xACcðG=N;HÞ; we have mGðfNðhÞÞðxÞðyÞ ¼ mðay1ðhÞÞðxðyÞÞ for
almost all yAG=N: Hence, kerðmG3fNÞDkerðmÞ and jjmGðfNðhÞÞðxÞjj
psupxAG=N jjmðaxðhÞÞjj  jjxjj: &
Note that our next lemma differs from [22, 3.11] in the point that the injectivity of
m and that of mG are on the ‘‘L1-level’’ instead of the ‘‘C-level’’.
Lemma 2.6. With the notation as in Remark 2.4, if m is an injective non-degenerate
-representation of L1ðNÞ; then mG is an injective representation of L1ðGÞ:
Proof. For any fAL1ðGÞ; gACcðG=NÞ and xAH; we have
mGð f Þðg#xÞðyÞ ¼
Z
G=N
m½ay1ðCð f ÞðxÞÞuðy1; xÞgðx1yÞ
x dx
for almost every yAG=N: Therefore, if mGð f Þ ¼ 0; we have, by the injectivity of m on
L1ðNÞ; Z
G=N
ay1ðCð f ÞðxÞÞuðy1; xÞgðx1yÞ dx ¼ 0
for almost all y: By applying ay to this equation and using the deﬁnition of twisting
pairs, we see that Z
G=N
uðy; y1ÞCð f ÞðxÞuðy; y1xÞgðx1yÞ dx ¼ 0 ð5Þ
for almost all y: On the other hand, from relations (3) and (4) in Remark 2.4, we
obtain the following equation:
Cð f ÞðxÞuðy; y1xÞðnÞ ¼ DNðvðy; y1xÞÞDG;NðcðxÞÞf ðncðyÞcðy1xÞÞ: ð6Þ
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As uðy; y1ÞAUMðL1ðNÞÞ and DG ¼ DN (on N), Eqs. (1), (2), (5) and (6) imply thatZ
G=N
DG;NðcðyÞcðzÞÞf ðncðyÞcðzÞÞgðz1Þ dz ¼ 0 ð7Þ
for almost all yAG=N and nAN: Now, similar to the deﬁnition of C in Remark 2.4,
we deﬁne Cy : L1ðGÞ-L1ðG=N; L1ðNÞÞ by
Cyð f ÞðzÞðnÞ ¼ DG;NðcðyÞcðzÞÞf ðncðyÞcðzÞÞ:
Using (1) and the fact that jjlcðyÞ1ð f Þjj1 ¼ jjf jj1; it is easy to see that Cy is again an
isometry (with suitable choices of the Haar measures) and so is an injection.
Moreover, Eq. (7) means thatZ
G=N
ðCyð f ÞðzÞÞðnÞgðz1Þ dz ¼ 0
for almost all yAG=N and nAN: Hence for any fAL1ðNÞ;Z
G=N
fðCyð f ÞðzÞÞgðz1Þ dz ¼ 0
for almost all yAG=N: As gACcðG=NÞ and fAL1ðNÞ are arbitrary, Cyð f ÞðzÞ ¼ 0
for almost all y; zAG=N: This shows that f ¼ 0: &
Before we give the following theorem, let us introduce a terminology. Suppose that
jj  jj0 is a C-norm on L1ðNÞ and jj  jj1 is a C-semi-norm on CðGÞ: Let n be a non-
degenerate representation of CðGÞ such that jjxjj1 ¼ jjnðxÞjj and deﬁne jjmjj1 ¼
jjnðmÞjj for any mAMðCðGÞÞ: It is easy to see that jjmjj1 ¼ supfjjmðaÞjj :
aACðGÞ; jjajjp1g and we say that jj  jj0 extends to jj  jj1 if jjf jj0 ¼ jjfNð f Þjj1 for
any fAL1ðNÞ:
Theorem 2.7. Let G be a second countable locally compact group and N be a closed
normal subgroup of G:
(a) Each of the following statement is stronger than the next one.
(1) N is C-unique.
(2) The twisted action ða; uÞ in Remark 2.4 extends to any C-completion of
L1ðNÞ:
(3) Any C-norm on L1ðNÞ extends to a C-semi-norm on CðGÞ:
(b) If G is C-unique, then condition (3) implies condition (1).
Proof. (a) (1) ) (2): It is well known that ða; uÞ extends to CðNÞ:
(2) ) (3): Let A be the completion of L1ðNÞ under a C-norm jj  jj0 and H ¼
G=N: The embedding L1ðA; H; a; uÞDA a;u H (the twisted crossed product as
deﬁned in [22, 2.7]) induces a C-norm on L1ðL1ðNÞ; H; a; uÞDL1ðGÞ: Therefore, one
can identify A a;u H with a quotient of CðGÞ under a quotient map q: Note that the
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canonical map j : A-MðA a;u HÞ is injective and hence is an isometry. It is not
hard to see that q3fN ¼ jjL1ðNÞ (note that CðGÞ is identiﬁed with CðNÞ a;u H) and
so the C-semi-norm on CðGÞ induced by q extends jj  jj0:
(b) Let m be any injective non-degenerate -representation of L1ðNÞ: Then by the
hypothesis, there exists a representation n of CðGÞ such that jjnðfNðhÞÞjj ¼ jjmðhÞjj
for any hAL1ðNÞ: In this case,
jjmðaxðhÞÞjj ¼ jjnðfNðaxðhÞÞÞjj ¼ jjnðlGcðxÞfNðhÞlGcðxÞ1Þjj
¼ jjnðlGcðxÞÞnðfNðhÞÞnðlGcðxÞ1ÞjjpjjnðfNðhÞÞjj ¼ jjmðhÞjj
(where lGt is the canonical image of tAG in MðCðGÞÞ). Therefore, jjmGðfNðhÞÞjj ¼
jjmðhÞjj (by Lemma 2.5). Note that the -homomorphism fN is injective (this can be
easily seen by applying Lemma 2.5 to an injective representation of CðNÞ) and so is
an isometry. Hence, as G is C-unique and mG is injective on L1ðGÞ (by Lemma 2.6),
mG deﬁnes the C-norm of CðGÞ and we have
jjhjjCðNÞ ¼ jjfNðhÞjjMðCðGÞÞ ¼ jjmGðfNðhÞÞjj ¼ jjmðhÞjj:
This completes the proof. &
Remark 2.8. (a) If N is a closed C-unique normal subgroup of any second
countable locally compact group G; then for any injective non-degenerate -
representation m of L1ðNÞ; we have jjmð f Þjj ¼ jjindGNðmÞðfNð f ÞÞjj for any fAL1ðNÞ
(because jjmð f ÞjjpjjmGðfNð f ÞÞjjpjjf jjCðNÞ). This applies to the case where N is an
abelian (or a compact) closed normal subgroup of a second countable group G:
(b) Any closed normal subgroup of a C-unique group is weakly C-unique in the
sense of [7]. In fact, if jj  jj0 is a natural norm on L1ðNÞ in the sense of [7, Section 5]
and m is the injective -representation deﬁning jj  jj0; then by Lemma 2.5, we have
jjindGNðmÞðhÞjj ¼ jjmðhÞjj (as ax is a -automorphism on L1ðNÞ) and the same
argument as for Theorem 2.7(b) shows that jj  jj0 coincides with the norm induced
from CðNÞ: Note also that in the case of connected locally compact group, weakly
C-uniqueness is the same as amenability [7, Theorem 5]. Whether this holds for
more general groups is unknown.
(c) Because of [15], it is likely that the second countability of the above can be
removed. In particular [6, 2.2; 4.6, Example 6] as well as [22, 2.7] seem to hold
without the second countability assumption. Nevertheless, our main result of this
section (2.17) depends on the generalised Effros–Hahn conjecture (it is required in
[18]) which was only settled in the second countable case.
It is natural to ask if condition 2.7(3) holds for any closed normal subgroup of a
locally compact group and thus, whether C-uniqueness is preserved under closed
normal subgroups. However, the following example shows that this is not true.
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Example 2.9. Let g be the (solvable) Lie algebra generated by the basis
fe0; e1; e2; e3; e4g with the following relations:
½e0; e1
 ¼ e1; ½e0; e2
 ¼ e2; ½e1; e2
 ¼ e3; ½e4; e0
 ¼ e3
(and ½ei; ej
 ¼ 0 for other combinations of i and j). We ﬁrst show that the connected
and simply connected Lie group G ¼ exp g is exponential. Indeed, if X ¼P4
j¼0 ajej; Y1 ¼
P4
j¼0 bjej and Y2 ¼
P4
j¼0 gjej are elements in g satisfying
ðadX ÞðY1 þ iY2Þ ¼ iðY1 þ iY2Þ; then all bj’s and g0js are zero, i.e. Y1 þ iY2 ¼ 0:
Thus, by [17, Theorem 1], G is exponential. In [7, pp. 229–230], Boidol showed that
exp b5 and exp g5ð0Þ are the only two non-C-unique exponential Lie groups of
dimension ﬁve. Notice that the dimension of the centre of b5 is 0 and that of g5ð0Þ is
2: Since the dimension of the centre of g is 1; we know that G is C-unique. On the
other hand, if h is the Lie subalgebra of g generated by fe0; e1; e2; e3g; then h ¼
g4;9ð0Þ and the corresponding Lie group H ¼ exp h is not C-unique (see [7, p. 230]).
Now, G ¼ H a R for some action a because g is the semi-direct product of the ideal
h with the subalgebra Re4:
In the following, we study the behaviour of C-uniqueness under group
extensions. We ﬁrst consider direct products. This was studied in [3, 5.9] for GCR
groups and in [13, 3.5] for general locally compact groups. In the case of second
countable locally compact groups, we can also obtain it as an easy consequence of
Theorem 2.7.
Corollary 2.10. For any second countable locally compact groups H and N; the direct
product N  H is C-unique if and only if both H and N are C-unique.
Proof. Let jN ¼ eH#idN : CðHÞ#maxCðNÞ-CðNÞ (where eH is the counit of
CðHÞ). Any C-norm jj  jj0 on L1ðNÞ is given by a representation m0 of CðNÞ: It is
clear that the C-semi-norm on CðH  NÞ induced by m03jN extends jj  jj0: Hence,
Theorem 2.7 gives the necessity. The converse follows easily from [4, 3.3]. &
It is natural to ask if the above is true for general semi-direct products. We have
two counterexamples for this.
Example 2.11. (a) The non-C-unique group given by Poguntke [24] is a semi-direct
product of two C-unique groups (in fact, both are semi-direct products of abelian
groups; see [6, Theorem 3]).
(b) The non-C-unique exponential Lie group H ¼ exp g4;9ð0Þ in [7, p. 229] is a
semi-direct product of a C-unique group K with R: In fact, if we take k to be the
subspace of g4;9ð0Þ generated by fe1; e2; e3g; then k is an ideal and Re0 is a subalgebra
of g4;9ð0Þ: Let K be the subgroup exp k of G: As any exponential Lie group with
dimension not greater than 3 is C-unique (see [7, p. 230]), K is C-unique.
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Moreover, as g4;9ð0Þ is the semi-direct product of k and Re0; we see that G ¼ K b R
for some action b of R on K:
Nevertheless, we have some positive results concerning extensions of C-unique
groups.
Proposition 2.12. Let G be a second countable locally compact group and let N be a
C-unique closed normal subgroup of G: Assume that for any representation n of
CðGÞ; if njCðNÞ is injective, then n is also injective. Then G is C-unique.
Proof. We use the notations in Remark 2.4. Note thatC extends to a -isomorphism
from CðGÞ to the twisted crossed product CðNÞ a;u G=N (as deﬁned in [22, 2.4]).
Moreover,CjCðNÞ is the canonical map iCðNÞ from CðNÞ to MðCðNÞ a;u G=NÞ as
in [22, 2.4] (see also [8, 3.1]). Let J be any non-trivial ideal of CðGÞ and n be a
representation of CðGÞ such that J ¼ kerðnÞ: Then
n3C1 ¼ p U
for some covariant representation ðp; UÞ: By the hypothesis, ð0ÞaI ¼ kerðnjCðNÞÞ ¼
kerðpÞ: As N is C-unique, there exists fAI-L1ðNÞ\f0g: For any gAL1ðG=NÞ\f0g;
we have C1ð f  gÞAJ-L1ðGÞ (where f  gAL1ðL1ðNÞ; G=N; a; uÞ is deﬁned by
ð f  gÞðxÞðnÞ ¼ gðxÞf ðnÞÞ: &
The assumption of Proposition 2.12 holds when the canonical twisted action of G
on CðNÞ is almost-free (see [18, Remarks 10 and 12(a)]). Recall that a twisted action
ða; tÞ of ðG; NÞ on A (in the sense of [12, p. 196]) is almost-free if StAG\N PrimðAÞt is
nowhere dense. We refer the readers to [18] for properties and examples of almost-
free actions.
The following proposition follows from Proposition 2.12 as well as [18, Remark
12(a)] and [16, 3.4] (note that if every non-trivial ideal of CðGÞ contains a non-trivial
ideal which is invariant under the dual coaction, then the hypothesis in Proposition
2.12 holds).
Proposition 2.13. (a) Let G be a second countable amenable locally compact group and
N be a closed normal subgroup of G: If N is C-unique and the canonical twisted action
of G on CðNÞ is almost-free, then G is C-unique. Consequently, if N is abelian andS
tAG\N Nˆ
t is nowhere dense in the dual group Nˆ; then G is C-unique.
(b) Suppose that a second countable locally compact group G is a semi-direct product
of a C-unique closed normal subgroup N with a closed abelian subgroup H of G: Let b
be the corresponding action of H on CðNÞ: If the strong Connes spectrum *GðbÞ equals
Hˆ; then G is C-unique.
Remark 2.14. (a) Barnes considered in [3, 2.6] C-unique reduced Banach -algebras
and gave a condition under which an algebra with a C-unique ideal is again
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C-unique. His condition also involved nowhere density. However, these two results
are by no means related because L1ðNÞ is not an ideal of L1ðL1ðNÞ; G=N; a; uÞ and
the relation between the primitive spectrum of CðGÞ ¼ CðNÞ a;u G=N and that of
CðNÞ is far from obvious (the deep results in [12,11] are employed to prove the main
results in [18]).
(b) Suppose that H is an amenable non-C-unique group acting on a compact
group N by automorphisms. Let G be the semi-direct product of N by H: Then the
corresponding action on CðNÞ will never be almost-free because this, together with
Proposition 2.13(a), implies the contradiction that H ¼ G=N is C-unique [7,
Theorem 1].
When H is discrete, we can replace the strong Connes spectrum in Proposition
2.13(b) with the Connes spectrum GðbÞ: In fact, if GðbÞ ¼ Hˆ and H is discrete, then
every non-zero ideal in CðGÞ contains a non-zero #b-invariant ideal (by [20, 2.5]).
This gives part (a) of the following proposition and part (b) follows from part (a) as
well as [21, 10.4(v)].
Proposition 2.15. (a) Suppose that a second countable locally compact group G is the
semi-direct product of a C-unique closed normal subgroup N with a discrete abelian
closed subgroup H: Let b be the corresponding action of H on CðNÞ: If GðbÞ ¼ Hˆ;
then G is also C-unique.
(b) Suppose that N is a second countable C-unique group and j is an automorphism
of N: Let #j be the corresponding automorphism on Nˆ: If there exists a dense
#j-invariant subset in Nˆ on which #j acts freely, then N j Z is a C-unique group.
Remark 2.16. It was shown in [21, 10.4] that the hypothesis in Proposition 2.15(b)
holds if and only if the set f½p
ANˆ j ½p3jn
 ¼ ½p
g has empty interior for any nAZ\ð0Þ:
Moreover, it is the case if and only if $jn is properly outer for any nAZ\ð0Þ (where $j is
the corresponding automorphism on CðNÞ).
We end this section with the following interesting result concerning the relation of
amenable groups and C-unique groups. We ﬁrst note that for any non-discrete
locally compact ﬁeld k; GLnðkÞ ¼ fMAMnðkÞ : detðMÞa0g is open and dense in
MnðkÞ: Indeed, for any nAN and MAMnðkÞ; pðaÞ ¼ detðM þ aIÞ has at most n
zeros. Moreover, there exists a sequence faigDk\f0g such that M þ aiI converges
to M: On the other hand, we recall that a locally compact group H is a retract of
G if there exist continuous homomorphisms i : H-G and q : G-H such
that q3i ¼ idH :
Theorem 2.17. Let k be a non-discrete locally compact field. Let H be a second
countable locally compact group such that there exists a continuous injective
homomorphism m from H to GLnðkÞ: Then H is amenable if and only if it is a retract
of a C-unique group. Consequently, if G is any second countable amenable group and
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n : G-GLnðkÞ is any continuous homomorphism, then G=ker n is a retract of a
C-unique group.
Proof. Let b be the continuous action of G on MnðkÞ deﬁned by bsðxÞ ¼
mðsÞ  x ðsAG; xAMnðkÞÞ: It is clear that for any tAH\feg and yAGLnðkÞ;
btðyÞay ðmðtÞaI as m is injective). Now, we consider a to be the action of H on
the (additive) dual group N ¼ dMnðkÞ induced by b and let G ¼ N a H: Then the
above implies that
S
tAG\N Nˆ
tDMnðkÞ\GLnðkÞ which is nowhere dense. Thus, if H is
amenable, then G is C-unique by Proposition 2.13(a). The converse of this
statement is obvious. &
We can apply this theorem to an amenable connected Lie group L and its adjoint
representation Ad: In this case, ker Ad is the centre ZðLÞ of L:
Corollary 2.18. For any amenable connected Lie group L; L=ZðLÞ is a retract of a
C-unique group.
3. The discrete case
In this section, we will focus on discrete groups.
Remark 3.1. In the discrete case, we can certainly remove the second countability
assumption from all the results in Section 2 up to Proposition 2.12.
Furthermore, we have the following properties of C-unique discrete groups which
is similar to [3, 2.7].
Proposition 3.2. Let G be a discrete group. Any C-unique subgroup (respectively,
C-unique normal subgroup) of G is contained in a maximal C-unique subgroup
(respectively, C-unique normal subgroup).
Proof. Let H be a C-unique subgroup of G and F be the set of all C-unique
subgroups of G containing H which is ordered by inclusion. Let C be a chain inF: It
is clear that H0 ¼
S
C is again a subgroup of G containing H and, by Zorn’s
Lemma, we need to show that H0 is C
-unique. Let jj  jj1 and jj  jj2 be two C-norms
on l1ðH0Þ: For any fACcðH0Þ; there exists KAC such that fACcðKÞ: As K is C-
unique, the restrictions of jj  jj1 and jj  jj2 on l1ðKÞ are the same and thus jjf jj1 ¼
jjf jj2: Now, because CcðH0Þ is dense in l1ðH0Þ under the universal C-norm jj  jjCðH0Þ
and jj  jjipjj  jjCðH0Þ ði ¼ 1; 2Þ; we see that jj  jj1 ¼ jj  jj2 as required. The argument
for C-unique normal subgroups is similar. &
We also have the following stronger version of Proposition 2.13(a) which involves
the notion of topological freeness. We say that a twisted action ða; tÞ of G on a
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C-algebra A over N is topologically free (cf. [1]) if for any t1;y; tnAG\N; the setTn
i¼1f½p
AAˆ j ti½p
a½p
g is dense in Aˆ (note that this condition is weaker than the
requirement that
S
tAG\N PrimðAÞt is nowhere dense in PrimðAÞ).
Proposition 3.3. Let G be an amenable discrete group with a normal C-unique
subgroup N: If the canonical twisted action of G on CðNÞ is topologically free, then G
is also C-unique. In particular, if N is abelian and the open set Nˆ\Nˆt is dense in the
dual group Nˆ for each tAG\N; then G is C-unique.
Proof. This follows from the corresponding result of Proposition 2.12 for any
(possibly uncountable) discrete group as well as Theorem A.1. &
In the rest of this section, we will give an improvement of Theorem 2.17 in the case
of discrete groups. More precisely, we will show that any discrete amenable group is
a retract of a discrete C-unique group.
Let H be any discrete group and let Z½H
 ¼ f fAZH j f ðhÞ ¼ 0 except for ﬁnite
numbers of hg: Under the pointwise addition, Z½H
 becomes a discrete abelian
group. Consider the action a of H on Z½H
 deﬁned by atðnÞðsÞ ¼
nðt1sÞ ðnAZ½H
; s; tAHÞ:
Theorem 3.4. For any discrete group H; the group Z½H
 a H (a being the left
translation as above) is C-unique if and only if H is amenable.
Proof. Suppose that H is amenable. Let N ¼ Z½H
 and %a be the corresponding
action of H on Nˆ: Note that
Nˆ ¼
Y
rAH
Tr
(where Tr is the one-dimensional torus for all rAH) with the pointwise multipli-
cation and the product topology. Fix any tAH\feg: For each ðurÞrAHANˆ;
we have %atððurÞrAHÞ ¼ ðvrÞrAH where vr ¼ ut1r: Therefore, ðurÞrAHANˆt if and
only if
ur ¼ ut1r
for all rAH: Now, we can partition H into the equivalence classes Hs ¼ ftns j nAZg:
It is obvious that ðurÞrAHANˆt if and only if ur is constant on each equivalence class.
Suppose that Nˆt contains a non-trivial open set. Then there exist non-empty open
subsets UrDTr for all rAH (with only ﬁnitely many Ur being strictly contained in Tr)
such that Y
rAH
UrDNˆt:
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However, as tae; any equivalence class Hs will have more than one elements. Now
take any equivalence class Hs; any two distinct elements p; qAHs and any vrAUr such
that vpavq (this is possible as Ur are open). Then ðvrÞrAHA
Q
rAH Ur\Nˆ
t which
gives a contradiction. We can deduce from Proposition 3.3 that G ¼ N a H is a
C-unique group. The converse is obvious. &
Corollary 3.5. Any discrete amenable group is a retract of a discrete C-unique group.
Remark 3.6. Although there exist examples of non-C-unique amenable groups, we
do not know if any discrete amenable group is C-unique. In view of Theorem 3.4,
the following statements are equivalent:
(1) Any discrete amenable group is a C-unique group.
(2) Any quotient group of a discrete C-unique group is a C-unique group.
(3) Any subgroup of a discrete C-unique group is a C-unique group.
Therefore, if there exists a discrete non-C-unique amenable group, then one can
show that C-uniqueness is not preserved under taking quotients nor subgroups
(even in the discrete case).
Corollaries 2.18 and 3.5 suggest the following conjecture:
Conjecture. Any amenable locally compact group is a retract of a C-unique
group.
Appendix A
In this appendix, we will give the following twisted version of [1, Theorem 1] (see
also [14, 4.1]) using the Echterhoff–Packer–Raeburn stabilization trick.
Theorem A.1 (Archbold–Spielberg–Kawaruma–Tomiyama). Let G be a discrete
amenable group with a normal subgroup N and ðA; G; N; a; tÞ be a twisted covariant
system (in the sense of Green; see [12, p. 196]). If ða; tÞ is topologically free, then any
non-trivial ideal J of A a;t ðG; NÞ intersects A non-trivially.
Proof. By [10, Theorem 1], there exists an action b of G=N on B ¼ C0ðG=N; AÞ *a;*t
ðG; NÞ such that ða; tÞ is Morita equivalent to b (in the sense of [10, Deﬁnitions 1
and 2]). Let ðX ; uÞ be the imprimitivity system that gives this Morita equivalence
and let
L ¼ A X
X  B
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be the linking algebra with a twisted action ðg; sÞ; where
gt
a x
y b
	 

¼ atðaÞ utðxÞ
u˜tðyÞ bqðtÞðbÞ
 !
and
sðnÞ ¼ tðnÞ 0
0 1
	 

(here u˜t is the corresponding map on X
 and q is the quotient map from G to G=N).
It is not hard to see that
E ¼ L g;s ðG; NÞ
is the linking algebra for the Morita equivalence between C ¼ A a;t ðG; NÞ
and D ¼ B b3q;1 ðG; NÞ ¼ B b G=N: Let p be the projection in MðLÞ such
that pLp ¼ A and ð1 pÞLð1 pÞ ¼ B: Then pEp ¼ C and ð1 pÞEð1 pÞ ¼ D
(note that we identify A and B as subalgebras of L as well as C and D as sub-
algebras of E). Furthermore, ðX ; uÞ gives a G-equivariant homeomorphism from Aˆ
to Bˆ (b3q is an action of G on B). Therefore,
Sn
i¼1 Aˆ\Aˆ
ti is dense in Aˆ for any
t1;y; tnAG\N if and only if
Sn
i¼1 Bˆ\Bˆ
xi is dense in Bˆ for any x1;y; xnAG=N\feg:
Suppose that
J˜ ¼ EJE ¼ J Y
Y  J 0
	 

(where Y is a Hilbert J-module and J 0 is an ideal of D). By [1, Theorem 1], J 0-B is a
non-trivial ideal of B (because the ideal structure of E and that of C as well as that of
D are the same). It is easy to see that ð0ÞaLðJ 0-BÞLDJ˜-L (again, the ideal
structure of L and that of B are the same). Since J˜-L is a non-zero ideal of L; we
have ð0ÞapðJ˜-LÞpDðpJ˜pÞ-A ¼ J-A: &
Remark A.2. We can also use Packer–Raeburn stabilization trick in [22, 3.4] to give
another twisted version of [1, Theorem 1] (note that second countability is required
in this case):
Let H be a countable discrete amenable group and ðA; H; a; uÞ be a separable
twisted C-dynamical system (in the sense of Busby and Smith; see [22, 2.1]). If ða; uÞ
is topologically free in the sense that
Tn
i¼1 f½p
AAˆ j ti½p
a½p
g is dense in Aˆ for any
t1;y; tnAH\feg; then any non-trivial ideal I of A a;u H intersects A non-trivially.
In fact, the argument for this statement is even simpler than that of Theorem A.1
because we have an isomorphism between ðA a;u HÞ#KðL2ðHÞÞ and an ordinary
crossed product (see the argument of [18, Theorem 9]).
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